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Mixture Model-based Clustering

e Each cluster is mathematically represented by a para-
metric distribution. Examples: Gaussian (continu-
ous), Poisson (discrete).

e The entire data set is modeled by a mixture of these
distributions.

e An individual distribution used to model a specific
cluster is often referred to as a component distribu-
tion.

e Suppose there are K components (clusters). Each
component is a Gaussian distribution parameterized
by 1, k. Denote the data by X, X € R The
density of component £ is

fel@) = ola | p, Zi) 1
1 —(x — )2, (x —
: 6Xp< ( ﬁ@) 2k ( ﬂk>>.
V (2m) 5
e The prior probability (weight) of component & Is a;.
The mixture density is:
K K

f(z) = Z%fk(fﬂ) = ZCLM(SE | fk, 2k) -

k=1 k=1
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Advantages

e A mixture model with high likelihood tends to have
the following traits:

— Component distributions have high “peaks” (data
In one cluster are tight)

— The mixture model “covers” the data well (dom-
Inant patterns in the data are captured by compo-
nent distributions).

e Advantages
— Well-studied statistical inference techniques avail-
able.
— Flexibility in choosing the component distributions.
— Obtain a density estimation for each cluster.
— A “soft” classification is available.
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EM Algorithm

e The parameters are estimated by the maximum like-
lihood (ML) criterion using the EM algorithm.

e The EM algorithm provides an iterative computation
of maximum likelihood estimation when the observed
data are incomplete.

e Incompleteness can be conceptual.

— We need to estimate the distribution of X, in sam-
ple space X', but we can only observe X indirectly
through Y, in sample space ).

— In many cases, there is a mapping x — y(z) from
X to ), and «x is only known to lie in a subset of
X, denoted by X (y), which is determined by the
equation y = y(z).

— The distribution of X is parameterized by a family
of distributions f(xz | #), with parameters 6 € (),
on z. The distribution of y, g(y | 0) is

g<y|9)=/X()f(X\9>dfv-

e The EM algorithm aims at finding a ¢ that maximizes
g(y | ) given an observed y.

e Introduce the function
QO 10)=E(og f(z]0)]y,0),
28
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that is, the expected value of log f(x | ¢') according to
the conditional distribution of = given y and parame-
ter 6. The expectation is assumed to exist for all pairs
(6',80). In particular, it is assumed that f(x | 6) > 0
for 6 € Q).

e EM Iteration:
— E-step: Compute Q(6 | ),

— M-step: Choose 671 to be a value of € ) that
maximizes Q(0 | 6)).

29



Page 518

EM for the Mixture of Normals

e Observed data (incomplete): {xy, xo, ..., z, }, Wheren
Is the sample size. Denote all the samples collectively
by x.

e Complete data: {(x1,v1), (2,42), .-, (Tpn, yn) }, Where
y; 1S the cluster (component) identity of sample x;.

e The collection of parameters, ¢, includes: ay., py, 2x,
k=1,2,.. K.

e The likelihood function is:

L(x|0) = Zlog (Z ay® $Z|luk72k)> :

e [.(x|0) is the objective function of the EM algorithm
(maximize). Numerical difficulty comes from the sum
Inside the log.

30



Page 519

e The () function is:

QH'0) = E logHa;Z_gb(:ﬁi |ty 2) | X, 9]
i=1

= E | (loglay) +log¢(x; | 41, T} | x. 9]

L i=1
- ZE log(a +1Og¢<x2‘”y7 ;Jz)|x“9] '

The last equallty comes from the fact the samples are
independent.

e Note that when z; is given, only y; is random in the
complete data (z;, y;). Also y; only takes a finite num-
ber of values, i.e, cluster identities 1 to K. The distri-
bution of Y given X = xz; Is the posterior probability
of Y given X.

e Denote the posterior probabilities of Y = £, k =
1,..., K given z; by p; .. By the Bayes formula, the
posterior probabilities are:

Pik X CLW(% | 12 Ek szk =1.
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e Then each summand in Q(¢'|0) is
E [log(a;,) +log ¢(x; | 1y, %) | i, 0]
K K
= sz',k: log aj, + sz',k: log (|, X,) -
k=1 k=1

e Note that we cannot see the direct effect of 6 in the
above equation, but p; , are computed using 0, i.e, the
current parameters. 6" includes the updated parame-
ters.

e \We then have;

Q(A'0) = ZszklogakJr

=1 k=1
n K
Y pirlog i | iy, )
=1 k=1

e Note that the prior probabilities a). and the parameters
of the Gaussian components i, >3, can be optimized
separately.
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e The a/’s subject to 31 , a}, = 1. Basic optimization
theories show that ;. are optimized by

Z?ﬂ Pi.k

n

a), =

e The optimization of y; and > is simply a maximum
likelihood estimation of the parameters using samples
x; With weights p; ;. Basic optimization techniques
also lead to

= izt Pik®s
DY

3 — 2 i Piklwi — ) (i — i)'
2 o1 Dik

e After every iteration, the likelihood function L is guar-
anteed to increase (may not strictly).

e \We have derived the EM algorithm for a mixture of
Gaussians.
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EM Algorithm for the Mixture of Gaussians

Parameters estimated at the pth iteration are marked by
a superscript (p).

1. Initialize parameters

2. E-step: Compute the posterior probabilities for all z =
L...n,k=1,.. K.

&gf)qb(:lri ‘ Nggp% Z]({p))

Pik = % .
S al e |, )
3. M-step:
(p+1) Z?:l Dik
CLk =
n

Iu(p+1) _ Z?ﬂpi,kﬂfz‘
" Z?ﬂpi,k

n 1 1

co+1) _ i pur(es = ) s — Y
" Z?:l Dik

4. Repeat step 2 and 3 until converge.

Comment: for mixtures of other distributions, the EM
algorithm is very similar. The E-step involves comput-
Ing the posterior probabilities. Only the particular dis-
tribution ¢ needs to be changed. The M-step always in-

volves parameter optimization. Formulas differ accord-
Ing to distributions.
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Computation Issues

o If a different X, Is allowed for each component, the
likelihood function is not bounded. Global optimum
IS meaningless. (Don’t overdo it!)

e How to initialize? Example:

— Apply k-means first.

— Initialize ;. and X3, using all the samples classified
to cluster k.

— Initialize a;. by the proportion of data assigned to
cluster £ by k-means.

e In practice, we may want to reduce model complex-
Ity by putting constraints on the parameters. For in-
stance, assume equal priors, identical covariance ma-
trices for all the components.
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Examples

e The heart disease data set is taken from the UCI ma-
chine learning database repository.

e There are 297 cases (samples) in the data set, of which
137 have heart diseases. Each sample contains 13
quantitative variables, including cholesterol, max heart
rate, etc.

e \We remove the mean of each variable and normalize
It to yield unit variance.

e data are projected onto the plane spanned by the two
most dominant principal component directions.

e A two-component Gaussian mixture is fit.
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Figure 7. The heart disease data set and the estimated cluster densi-
ties. Top: The scatter plot of the data. Bottom: The contour plot of
the pdf estimated using a single-layer mixture of two normals. The
thick lines are the boundaries between the two clusters based on the
estimated pdfs of individual clusters.
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