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Introduction

* |tis often relatively easy to devise a statistic (estimator of a
parameter) that measures the property of interest, but is
difficult or impossible to determine the distribution or
variance (sampling variablity) of that statistic.

* One might fit a parametric model to the dataset, yet not be
able to assign confidence intervals to see how accurately
the parameters are determined.

* |In the past Statisticians concentrated estimators which have
a simple closed form and which could be analyzed
mathematically. Except for a few important but simple
nonparametric statistics, these methods involve often
unrealistic assumptions about the data; e.g.that it is
generated from a Gaussian or exponential population.
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Resampling

* Resampling methods construct hypothetical ‘populations’
derived from the observed data, each of which can be
analyzed in the same way to see how the statistics depend
on plausible random variations in the data.
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* Astronomers have often used Monte Carlo methods to Ssimulate
datasets from uniform or Gaussian populations. While
helpful in some cases, this does not avoid the assumption of
a simple underlying distribution.
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analyzed in the same way to see how the statistics depend
on plausible random variations in the data.

* Astronomers have often used Monte Carlo methods to Ssimulate
datasets from uniform or Gaussian populations. While
helpful in some cases, this does not avoid the assumption of
a simple underlying distribution.

* Resampling the original data preserves (adoptively)
whatever distributions are truly present, including selection
effects such as truncation (flux limits or saturation).
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Resampling

* Resampling methods construct hypothetical ‘populations’
derived from the observed data, each of which can be
analyzed in the same way to see how the statistics depend
on plausible random variations in the data.

* Astronomers have often used Monte Carlo methods to Ssimulate
datasets from uniform or Gaussian populations. While
helpful in some cases, this does not avoid the assumption of
a simple underlying distribution.

* Resampling the original data preserves (adoptively)
whatever distributions are truly present, including selection
effects such as truncation (flux limits or saturation).

* Resampling procedure is a Monte Carlo method of
simulating datasets from an existing dataset, without any
assumption on the underlying population.
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JACKKNIFE
Estimation of variance and bias

SIMPLE STATISTICAL PROBLEM
WHAT IS BOOTSTRAP
CONFIDENCE INTERVALS
BOOTSTRAP AT ITS BEST
WHEN DOES BOOTSTRAP FAIL
LINEAR REGRESSION

DEPENDENT DATA
Autoregressive models
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Jackknife

Bias reduction

Estimation of Variance

0 estimator of 0

Jackknife estimation of variance of §:
Estimate 0_; from
X,...,. X 1, Xi01,..., X0

Vary(8) = 22 Y0 (9 — )’

In general Var () ~ Var(d); not always

A

Example: 6 = Sample median
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SIMPLE STATISTICAL PROBLEM

Xi,...,X, ~F

(1, 0?)

N

X = - ;Xi estimates U

Sampling (unknown) distribution of X — u

Gn(x) =P(X — pu < x)

If £ 1s normal, then G,, Is normal. Otherwise, for large n
1

Gulao /v~ —= [ e Hay

G, may not be symmetric in the non-normal case.

How to improve the approximation?
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Gaussian PDF and CDF

1
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WHAT IS BOOTSTRAP

X =(X1,...,X,) asample from F

X* = (X7,...,X*)- asimple random sample from the data.

A

6 an estimator of @
0* based on X’

EXAMPLES:

0= X, 9* = X*

j =1 zn:(x _x)2, =l f:(x* _ X2
n 1=1 Z | n 1=1 Z

0* — 0 Dbehaveslike 6 —6
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Empirical Distributions Function

10 -

EDF F,(z)=1#{1<i<n:X; <z}

on

F, iIscloseto F
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Ratio estimator based on the data pairs
(X;,Y;) with means p and 7

_ ) _ X
0= O0=3%
Its bootstrap version is 0 = if_(

Sample correlation coefficient p
V(& DL, (Xi—X0)2) (2 S, (Yi—Ya)2)

Its bootstrap version

S i (XY -XEY )

* R n 1=1

’ VR (x-%0)2) (2 T, (- T)2)

n
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Statistical inference requires sampling distribution, G,, of a

function T,,(X; F') = T,,(X4, ..., X,; I), typically a
difference of the estimator and the parameter
Gp(z) = P(T(X; F) < z)

T,(X; F) T, (X*: F,)
V(X —p) V(X —X)
Vi(X—p) V(X" =X)
1 — _ 1 — _
2 — ) (X; — X)? 22 — 2N (X — X*)?
Sn = Z( ) Sn” = — Z( i )

Bootstrap distribution (Histogram) G g given the data
Gp(x) = P(T,(X*; F,) < z|X)

P(T,(X;F) <z)~ Gp(x), Gp is completely known

Resampling Methods — p. 11/32



To get the complete distribution

M = n" Dbootstrap samples possible
;WL x50 = XD - X) /s,

x;@ L x® = (X — X) /s,

X000y JR(XOD ) s,
Frequency table or histogram based on r1,...,ry
For n = 10 data points, M = ten billion

N ~n(logn)? bootstrap replications suffice
— Babu and Singh (1983) Ann Stat

gives Gp
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CONFIDENCE INTERVALS

The scaling factor for X — 1 depends on the standard deviation o
or its estimator

Possible to obtain confidence intervals if P((X — u)/o < z) does
not depend on ; and o

‘Pivotal’ or approximate ‘Pivotal’

T, (X; F') is pivotal, if its distribution is free from the unknown
parameters of F'.

If X; ~N(u,0?), then T,(X;F)= \/ﬁ(f_“) is pivotal.

n

In non-normal case, it is approximately pivotal.
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Compute /n(X*U) — X)/s, for N bootstrap samples
Arrange them in increasing order

rp<re<---<ry k=|[bN], m=[95N]

90% Confidence Interval for p Is

_ s _ s
X —rm—<pu<X —rp—

v v
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BOOTSTRAP AT ITS BEST

Smooth function model
Pearson’s correlation coefficient

- % Z?:1<Xiyi _ XY)
P = — —
VR T (X - X)2) (R T, (v - 7))
p=H(Z),where Z;,=(X;Y;, X2 Y? X;,Y;)

(a1 — asas)
V (a2 — af)(az — a2))
Z;F — (X;}/:i*vX:Qin*QvX:in*)

p* = H(Z")

H(CLl, az, as, a4, CL5) —
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Studentization

‘Pivotal’ or approximate ‘Pivotal’

. _ VAH(Z) - H(E(Z,)
' VO(Z)S,0(Z)

e _ Vn(H(Z*) — H(Z))

" VO(ZN)ZHZ)

¢ = OH vector of first partial derivatives of H
>, sample dispersion of Z

>* dispersion of bootstrap sample Z*

0 = H(Z) is an estimator of the parameter § = H(E(Z1))
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Studentization leads to approximate pivotal functions
Randomly choose N ~ n(logn)? bootstrap samples

Compute %) for each

Arrange them in increasing order
U < ug < - < UN k:[5N],m:[95N]
90% Confidence Interval for the parameter 0 is

Scaling factor &, = /¢ (Z)2,((Z)
This is called PERCENTILE - ¢ bootstrap method
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it (Z) # 0

P(t, <x)=®(z)+ ﬁp(w)qb(a})—l— error
P*(t;, < x) = ®(2) + Z=pn(x)$(x)+ error
Vn|P(tn < z) = P*(t;, < z)| — 0

F), an estimator of F' we could Bootstrap from F,

If F~ N(u,o0%), then E, ~ N(ji,52)
Same theory works.

— Babu and Singh (1983) Ann Stat

— Babu and Singh (1984) Sankhya

— Babu and Singh (1990) Scand J. Stat
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Sample Means
Sample Variances

Central and Non-central t-statistics
(with possibly non-normal populations)

Sample Coefficient of Variation
Maximum Likelihood Estimators
Least Squares Estimators
Correlation Coefficients

Regression Coefficients

Smooth transforms of these statistics
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WHEN DOES BOOTSTRAP FAIL

0 = max X; non-smooth statistic
<i<n

— Bickel and Freedman (1981) Ann. Stat.
=X and EX? =00 heavy tails

— Babu (1984) Sankhya
— Athreya (1987) Ann. Stat.

§—60=H(Z)— H(E(Z,) and 0H (E(Z,)) =0

Limit distribution is like linear combinations of Chi-squares
But here a modified version works
— Babu (1984) Sankhya

|
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LINEAR REGRESSION

Yi=a+ 68X +¢
E(e;) = 0 and Var(e;) = o?

1

Least squares estimators of 3 and «

- ?:1(Xi _X)2
a=Y — X
~ n_ Xz —X 2(J'2
V&T(ﬁ) _ Zz-l( L2 ) 7
L,=) (X;—X)?
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o The Classical Bootstrap
Efficient when o; = o
But inconsistent when o;’s differ

o Weighted Bootstrap
Robust against heteroscedasticity
Works well even when o; are all different

o The Paired Bootstrap
Performance is similar to the weighted bootstrap

|
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The Classical Bootstrap

Estimate the residuals e, =Y, —a— X, é;=¢; — = 1€

A

Draw e7, ..., e fromeéq, ... é,

Bootstrap estimators

> i (X — )_()(e_;?‘ —€")
Z?:1(Xi _ X)2

of =6+ (8- 69X + ¢

Vg = Ep(6* — B)?

g* =5+

Efficientif o, = o
Vg does not approximate the variance of 3 under
heteroscedasticity

|
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Weighted Bootstrap

Similar to the classical bootstrap

Use the weights

(X: — X)
w; = —
VECT (X - X)2)
Draw €7, ..., e from wiey,...,wye, after adjusting for center
Repeat the resampling N times and get 51(/;)37 . ,6‘(4]/\%

N
1 Y
Vary g ~ — 2(5&/)3 — /) even when not all ¢; are the same
1=1

|
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Paired Bootstrap

Resample the pairs  (X1,Y7),..., (X, Y)
(Xla Y1)7 205 (X’rm Yn)

~

3= Z?:ﬂXz' —N):()(%—Y) &:}3_3)?
Z?:1<Xi - X)2
Repeat the resampling NV times and get
Bpps -+ By
1« (4) A2
Varpp ~ N ;(5133 — B)

even when not all o; are the same

|
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FORTRAN code

C PAl RED BOOTSTRAP RESAMPLI NG
NSI M = | NT(N * ALOG( FLOAT(N)) **2)
DO 20 I1SIM = 1, NSI M
DO10 | = 1,N
J = INT(RANDOM * N + 1.0)
XBOOT(1) = X(J)
10 YBOOT(1) = Y(J)
20  CONTI NUE

Figure 1: FORTRAN code illustrating the paired
bootstrap resampling for a two dimensional
dataset (z;,y;),e=1,...,N.
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DEPENDENT DATA

Var(y/nX) — Var(X;)

when X; are independent

Var(v/nX) 4 Var(X;)
when X; are not independent

Var*(v/nX*) — Var(Xy)
‘always’ but not to the limit of Var(,/nX)

To bootstrap, knowledge of the functional relation between
various X; I1s needed

|
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Autoregressive Models

Xi=0X,_1+¢
¢; are independent with zero mean

Least squares estimator of 6

Sl X X
n—1
>y X7

Estimated residuals ¢ = X; — 60X, 4

0 —

Centering correction e; = ¢; — €
Sample €7, ...,€ fromey, ..., e,

|
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Reconstruct the model X = Xo, X = 0X} | + €
Bootstrap estimator (least squares)

n—1 yx *
Zi:l X’i—i—lX’i

0" =
it X7
If |#| < 1 and Var(e1) < oo, then
Vi@ —6) o n(6* -0
Vi Ji-62

— Bose (1986) Ann. Stat

|
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Preprocessing of Astronomical data

* Astronomers make many adjustments to raw dataset
(flatfielding, bias correction & drizzling for CCD data;
wavelength and gain calibration for spectral data; Fourier
transforms and CLEANIng of interferometric data, etc)

* Astronomers make complicated models of corrected data
(point spread function deconvolution, atomic line and
continuum spectral models, radial profiles of brightness
along elliptical contours, 2-point correlation function of
spatial points, etc)

Bootstrap is useful in such situations.

|
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Kolmogorov-Smirnov

Parametric bootstrap

Vv sup | Ey(z) — F(x;0,)|, and v/n sup |F¥ (z) — F(z; 07))

have the same limiting distribution

Nonparametric bootstrap

Vvn sup |E,(z) — F(z;0,)| and

sup |V (F () = F(@:0,)) = Bu(a)

have the same limiting distribution. Here
B (z) = /n(F,(z) — F(x;0,)) is the needed Bias correction

1
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This book serves as a handbook on bootstrap for engineers,
to analyze complicated data with little or no model
assumptions. Bootstrap has found many applications in
engineering field including, artificial neural networks,
biomedical engineering, environmental engineering, image
processing, and Radar and sonar signal processing.

Majority of the applications are taken from signal
processing literature. |
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