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SAMSI Astrostat Program

Exoplanet Detection Working Group
I Focus on Model Selection
I Weekly Meetings (Notes available on website)
I http://www.samsi.info

Jim Berger, Floyd Bullard, Eric Ford, Bill Je�erys, Rosy Luo,
Rui Paulo, Tom Loredo
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General Setting & Notation

Problem Setup:
I Observe dataY = ( Y1; : : : ; Yn)T

I Entertain collection of possible Models:f M 1; : : : M M g
I Model: Y j � m; M m � f (y j � ; M m); � m 2 � m

Goals:
I Inference about parameters within each model
I Identi�cation of the \best" model given the observed data
I Predictions or Forecasts
I Design of Future Studies
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Examples

1. Exoplanet Discovery (Ford)
I Number of Models under Consideration Small
I Nested Models
I Model for Velocity is Nonlinear in Parameters
I Evaluation of likelihood \expensive"

2. Mass Spectra
I Nonparametric Models
I Is there a Peak? (Multiple Hypotheses)
I Many, Many Possible Models
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Bayesian Model Choice

Model IndexM m no di�erent than any other parameter
Joint Prior Distribution:

� m j M m � p(� m j M m) (1)

M m � p(M m): (2)

Bayes Theorem:)

p(M m j Y) =
m(Y j M m)p(M m)

P
k m(Y j M k )p(M k )

(3)

marginal likelihoodof the modelM m is

m(Y j M m) =
Z

f (Y j � m; M m)p(� m j M m)d� k ; (4)

(AKA integrated likelihood, prior predictive distribution of the
data, evidence)
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Bayes Factors

I Pairwise comparison of any two models is given by the
Posterior Odds

p(M k j Y)
p(M j j Y)

=
m(Y j M k )
m(Y j M j )

�
p(M k )
p(M j )

:

I Prior Odds, O[M k : M j ] � p(M k )
p(M j )

I Bayes Factor

B[M k : M j ] �
m(Y j M k )
m(Y j M j )

I Posterior Model Probabilities:

p(M m j Y) =

2

41 +
X

M k6= M m

O[M k : M m] B[M k : M m]

3

5

�

Je�reys' Rules of Evidence
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Why Bayesian Model Selection?

I Models do not need to be nested
I Does not rely on asymptotics
I No distinction between hypothesis testing and model

selection (multiple comparison problem)
I \Automatic" Occam's Razor
I Natural Accounting of Model Uncertainty { Bayesian

Model Averaging

p(Y f j Y) =
X

m

p(Y f j M m; Y)p(M m j Y);

p(Y f j M k ; Y) =
Z

p(Y f j � m; M m)p(� m j M m; Y)d� m:

I Sequential Updating

Provides answers that scientists are interested in



Current
Challenges in

Bayesian
Model

Selection

M. Clyde

Model Choice

Marginal
Likelihoods

Bayes Factors

Trans-
Dimensional
Methods

References

Cautions for Prior Distributions

1. Improper Priors
R

� m
p(� m j M m)d� m = 1

m� (Y j M m) =
Z

f (Y j � m; M m)cmp(� m j M m)d� m

B � [M j : M k] =
cj

ck

m(Y j M j)
m(Y j M k)

2. Vague Priors

3. Meaning of Parameters across Models

Priors matter in Marginal Likelihood Calculations!
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Model Selection Challenges

Model Marginal Likelihoods
Space Tractable Intractable

Enumerable Priors Integration

Innumerable Search Search + Integration

Approaches:

I Marginal Likelihoods(one model at a time)
I Bayes Factors(pair of models at a time)
I Trans-Dimensional(explore multiple models & parameters

simultaneously)

BIC, AIC not necessarily appropriate (what is dimensionp)?
Laplace Approximations & Hierarichal Priors ?
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Monte Carlo Integration

Marginal:

m(Y) =
Z

f (Y j � )p(� )d� = E[ f (Y j � )]

Monte Carlo estimate of integral:

� (t ) iid� p(� )

m̂MC (Y) =
1
T

X

t

f (Y j � (t ) ):

I Prior is typically di�use relative to likelihood
I Most draws are in area of low posterior density

Alternative: biassampling toimportant density areas
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Importance Sampling

Equivalent Marginal:

m(Y) =
Z

f (Y j � )
p(� )
q(� )

q(� )d�

Monte Carlo estimate of integral:

� (t ) iid� q(� )

m̂IS(Y) =
1
T

X

t

f (Y j � (t ) )p(� (t ) )

q(� (t ) )
�

1
T

X

t

wt :

Choice of IS proposalq() in high dimensional problems?
I Adaptive IS
I Sequential IS
I Ratio Importance Sampling
I MCMC + IS
I Judge e�ectiveness through distribution of IS weightswt

Works surprisingly well compared to other methods!
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Adaptive Importance Sampling

Construct IS proposalq from as mixture model using output of
MCMC

I Split MCMC output: training & validation
I t4 kernels centered at� (t )

I Local scale matrix� � (t ) using neighborhood of� (t )

I Find � to minimize Kullback-Leibler Divergence betweenq
and un-normalized posterior

I Mixture Weights (uniform)
I Easy to draw from mixture distribution

Sequential IS: build up distribution from low dimensional
distributions
Adapt mixture weights with sampling
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Harmonic Mean (Newton & Raftery, 1994)

Harmonic mean identity:

1
m(Y)

=
Z

1
f (Y j � )

p(� j Y)d� =
Z

1
f (Y j � )

p(� )f (Y j � )
m(Y)

d�

Harmonic mean estimator

m̂HM (Y) �

"
1
T

TX

t =1

1=f (Y j � (t ) )

#� 1

draws (� (1) ; : : : ; � (T ) ) from the posterior

Easy to Compute, but may haveIn�nite Variance ) slow
convergence { See Wolpert (2002)



Current
Challenges in

Bayesian
Model

Selection

M. Clyde

Model Choice

Marginal
Likelihoods
Monte Carlo
Importance
Sampling
Harmonic Mean
Nested Sampling

Bayes Factors

Trans-
Dimensional
Methods

References

Gelfand & Dey (1994)

Similar problems with Gelfand & Dey (1994) estimator

1
m(Y)

=
Z

q(� j Y)
f (Y j � )p(� )

p(� j Y)d�

q plays the role of an importance sampling density (with known
normalizing constant

m̂(Y)WHM �

"
1
T

X q(� (t ) )

f (Y j � (t ) )p(� (t ) )

#� 1

:

q needs to havelighter tails than prior � likelihood
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Marginalized Harmonic Mean Raftery et al. (2006)

Heavy tails of inverse likelihood! Non-Gaussian CLT
Solutions:

I Analytically integrate out a subset of the parameters
I Apply HM to partially integrated likelihood
I Variance reduction (but may still be in�nite)
I Comments of Wolpert (2002) still apply

Use distribution of inverse likelihood to construct alternative
estimate
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Simulations (from Raftery et al 2006)
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Nested Sampling (Skilling, 2006)

I Alternative to MCMC directed at obtaining Marginal
Likelihood

I Converts multi-dimensional integral to one-dimensional
problem� � L (� )

Z
L (� )p(� )d� =

Z
� F(d� ) =

Z 1

0
� (X )F(dx)

whereX = 1 � F(� )
I Samples from\nested" contours with increasing likelihood

values
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Nested Sampling Contours

Xi unknown quantiles { known distribution which can be
sampled; follow by numerical integration
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Exact Nexted Sampling
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Approximate Nested Sampling



Current
Challenges in

Bayesian
Model

Selection

M. Clyde

Model Choice

Marginal
Likelihoods
Monte Carlo
Importance
Sampling
Harmonic Mean
Nested Sampling

Bayes Factors

Trans-
Dimensional
Methods

References

Variability
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Implementation Issues

Problems:
I Sampling from prior in constrained regions
I Multi-modal posteriors
I MCMC moves to update points ?
I Number of points versus Number of Iterations

Suggestions for Sampling within Constrained Regions
I Slice Sampler
I Equi-Energy Sampler
I Importance Nested Sampling (trained from separate

MCMC)
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Bridge & Path Sampling Gelman & Meng (1998)

Introduce a parameter� to \bridge" two (un-normalized)
densities

g(� j � ) = g0(� )1� � g1(� )� ; (5)

where

m(� ) �
Z

�
g(� j � )d� : (6)

Interest is inm(1) and m(0)

I Two posteriors with same support) m(1)=m(0) = BF
I Prior and Posterior) marginal
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Path Identity

Key identity to TI and path sampling is

d
d�

log(m(� )) =
Z

1
m(� )

d
d�

g(� j � )d�

= E �

�
d

d�
log[g(� j � )]

�

= E � [U(� ; � )]

expectation is taken with respect to the distributionp(� j � ).
Integrating:

log[m(1)] � log[m(0)] =
Z 1

0
E� [U(� ; � )] d�
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Variations

Gelman & Meng (1998):
I Introduce a prior density on�
I Choice of optimal \path"

Related methods
I Thermodynamic Integration (see Gregory (2005))
I Ogata's Method
I Ratio Importance Sampling

Similar ideas from di�erent �elds
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Trans-Dimensional MCMC

Set up Markov chain to explore model space and parameter
space simultaneously

I Propose move to a new modelM j

I Propose parameters� j given modelM j

I Accept move to newM j � j using MH ratio

�
�
(� k ; M k); (� j ; M j )

�
= min(1 ; H

�
(� k ; M k); (� j ; M j)

�

where the Hastings ratioH is

H
�
(� k ; M k); (� j ; M j )

�
=

p(Y j � j ; M j )p(� j jM j )p(M j)
p(Y j � k ; M k)p(� k jM k)p(M k)

�
q(� k ; M k j � j ; M j ; Y)
q(� j ; M j j � k ; M k; Y)
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Proposals

Key: Good proposals \close" to full-conditional distributions
I \Re-Use" part of parameter vector (nested models)
I Proposals based on MLE's within each model (ball-park)
I Projections (Green 2003)

Problem: Estimate of Posterior Model Probabilities = relative
frequency of each modelfk=

P
fk
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Using Information in MH Ratio

Bartolucci, Scaccia, & Mira (2006) proposed a
\Rao-Blackwell" estimator of the Bayes factor

B̂BSM [Mk : Mj ] =
fk
fj

P f j
i =1 �

�
(� (i )

j ; M j
(i )); (� (i )

k ; M k
(i ))

�

P fk
i =1 �

�
(� (i )

k ; M k
(i )); (� (i )

j ; M j
(i ))

�

using the information in the MH acceptance ratio.

Jumps are restricted to\Neighboring Models"
M k ! f M k� 1; M k+1 g
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Summary

I Model Selection is a Challenging Computational Problem!
I Try methods where answer is known
I Try more than one method!
I Choice of Prior Distributions
I Scaling IS to high dimensions
I Use of Trans-dimensional Methods
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Thanks!

More details and related work are available at
www.stat.duke.edu/ � clyde/

or on request from
clyde@stat.duke.edu
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